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ABSTRACT

In this study, a refined structural model of a complex rotating shaft system with nonuniform

cross-section, disks, and supported by several bearings are established via Hamilton’s variational

principle. Timoshenko beam theory is adopted to incorporate transverse shear and the rotary inertia

effect. It is assumed that the shaft spins with a constant speed about its spin axis and is subjected

to a conservative axial force. Elastic coupling between vertical and lateral bending motion is caused

by Coriolis acceleration. The implications of the gyroscopic effect, additional masses, axial force, and

nonhomogeneous boundary conditions (reflecting bearing stiffness and damping) are revealed and ana-

lytical results are compared with those obtained from the ANSYS finite element analysis. The pre-

diction model established in this study could be used for the preliminary design of a complicated ro-

tating system.
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Fig. 1 Rotor with disk supported by anisotropic bearings

Fig. 2 Configuration of the shaft system model with
added masses and bearing supports

u, v, w 1D tﬂ-r]‘*"—r U, vo,ﬁz,ﬁyg}g A=
o YERASATH

Fig. 3

ul(z,y, z3t) = uy(2t)
v(z,y, 23t) = vy(z;t) (1
wlz,y, z;t) =0, (t)y(s) + Hy(z;t T

A71A 6, (z:t) = v, (z58) — vy (23t
0,(z:t)=,.(z:t) — uy (2t
ug, v, 9k 0, 0, 27 x, yF e gxiwee}
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Table 1 Measure of components

Table 4 Natural frequencies (C-C)

Component Size [mm)] Mass [kg] Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
Shaft D:15 x L:354 0.748 Ist 555.18 563.63 1.522
Disk D:155 x B:25 0.663 2nd 1512.81 1573.2 3.991

Bearing D:35/d:15 x B:ll 0.44 (X2) 3rd 2918.67 3070.8 5.213

Table 2 Trial functions

Table 5 Natural frequencies (C-C + 2 disks)

Bouqd:a Y Trial function
condition
N P
c-C Uy Uy Ty Yy = E(isin ED
] i=1 L
j§5(1—+ +si iﬁz})
Uy ;= z+sin|—
F-F & ' = L
spring-spring N inz
o Sl
i=1

Table 3 Material properties of rotor system

Component Shaft Disk
Elastic modulus, 2 2
E [GPa] 2.00+E11 N/m 2.00+E11 N/m
Shear Modulus, 2 2
G [GPa] 0.8+E11 N/m 0.8+E11 N/m
Poisson’s ratio,
y 0.29 0.29
2155 A ®)~04)°] YL  extended

TIEE

BAUHAE 4 (17)14

Galerkin’s methodE #8324 (16)°]
olo] T3 EAUFAHAw

.

[M X2 +[C+ G+ K { Q)= {0}
{Q}= {J’ 7’ "dj}T

det([M N+ [C+ GIA+ [K) =0

(16)

amn

(M) =A%y, [C]=3434,
[ G =GyroscopicBd, [K]="+84d (3= Ix).

3.3 88l A A

o] gd7ellX= ANSYSE AH&ate] fratas a4e
Fsiglon, AL 32+ beam 8.4 (beam188),
A gaas 7" Q4 (mass 21), Ho]HS
spring-damper 2.2>(combin 14)5 AF2-3}1aL 3| 4=
3 Haze) Ad 542 Table 39 2t

[AR=%

Fto] o] o= X)x] 5o

Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
Ist 161.83 166.13 2.657
2nd 390.74 395.71 1.271
3rd 470.33 456.14 3.017

Table 6 Natural frequencies (F-F)

Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
Ist 549.31 548.90 0.07
2nd 1503.41 1499.5 0.26
3rd 2913.66 2902.0 0.4

Table 7 Natural frequencies (F-F + 2 disks)

Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
Ist 215 212.16 1.32
2nd 562 527.5 6.13
3rd 846 828.91 2.02
Table 8 Natural frequencies (2 disks + 2 bearings)
Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
1st 61.60 63.78 3.53
2nd 160.69 169.30 535
3rd 295.24 280.90 4.85
Table 9 Natural frequencies (2 disks + 3 bearings)
Natural frequency| TBM(Hz) | Ansys(Hz) Diff.(%)
Ist 117.54 119.28 1.48
2nd 159.58 169.32 6.10
3rd 284.89 283.82 0.37

A A =Ble] AAZRAE C-C, F-F, spring-spring
TBM(Timoshenko beam model)
o] Z&] 47} ANSYS S/WE ¢]&
fias 4 Fesgn.

= CC ARz Hohasel gl 8
Hlalgk A3o|w, Table 5+ 7

[ A=
BA L
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SAF Wb Bt ASe 1flssE vlae Table 10 Natural froquencics of FEM model
Arpolth. Table 6 F-F BAZA F7bd%e] §1 Condition 2 disks + 2 bearings
= SAFe] nFzlerE vlaLeh Arboln, Table 7 Mode "
o A=A 7 FrlE A9 1GREFE o] number
wg Aol )
C-C A=A BxdFel [T AFe] H7HHA]
e) o

G Ag, AfRlETe] abole 12h 1.522 %, 23k
3.991 %, 32k 5.213 %o|lom, FFde] F71 Mode
AL W= 13} 2.657 %, 23 1.271 %, 33k 3.017 % shape
o] #pol5 HYTh

F-F AAzA0NE sdFe] Hesdeo] §7hH
A e A, aRxlEge kol 12k 0.07 %, 2
2} 0.26 %, 32 0.4 %S HSlom, JFA=Fe] FIt FEM 63.78 Hz
d A$ole 13 1.32%, 23 6.13 %, 32 2.02%
o] ApolE Holm w9 FARSE ARE EE3QITh

[e)

Table 11 Natural frequencies of FEM model

Tables 4, 694 HF Aol F7pe#] &2 A= — : ;
Condition 2 disks + 2 bearings
o Bfel= C-CoF FF 459 et 7e Mode
H)S=8HA) UEREO L Tables 5,73 o] Az number 2nd

Ax AL BT 5 oM ol c.cl Ag B "
A% wdeFol FFY A5Htt v 7ol shape
o g7t Avke AS 1 Aok
Table 82 Fig. 49} o] JFsAo] Frbe]a gt
spring-spring AA| 2719 1/ FFE Blugk Z o]
T}, Table 9 Fig. 59F 7¢] ko] spring-spring A
SESE ﬁi%—j F 2 5ol ]Hﬂ?ﬂ S Y e
Ag 490 AFAEF TS epde,
Tables 8, 99141 oFctol|qt wWjo]H o7 |8 A% Table 12 Natural frequencies of FEM model
Q@ bearings)oﬂ = 131(!_1?3(1131\/[7 Ansys) A].o]g] J—,_%_{] Condition 2 disks + 2 bearings
B4 Aol 17 353%, 27k 535%, 37 485%  home 3rd

& HaL, Fo] FF A Al wojFe] Fkd A5
(3 bearings)oll= 13} 1.48%, 23} 6.10 %, 32k 0.37 %
o] ApolE HRth wEbA RE 7ol o]&2e] 4 ;
Wb ko Aol w9 FAE AFRE B o
249 AL 43T £ ATk w3, FAHe  Jooe
Sl wlojo] 71 793 bearings) ] I-F-7
T HEE Aved, 23 33 afREFAE
A8l Apol7k glovt 12k AfEE oF 2 A%
o] Zpol7} WRAYEte] 12} RETE FIb wloj®l e o
S 7bF Wo] W= AL FHolE 42 9lT) FEM 280.90 Hz

¢
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Table 13 Natural frequencies of FEM model 500 [
Condition 2 disks + 3 bearings 450 h-"""--....__
Mode 400¢ )
st ~
number B/OL N Ry
¥ 300 \\\ \'*-..‘
KO E ~ ",
§ 250 R .,
% Ezoo- . "\,_
M 150 N "'
Mode M "
shape 100 \\ ',
50 1
1 ]
0 LS
0 1 2 3 4 5 6 7
Axial laod(P) <10°
Fig. 7 Relation between Natural frequencies &
FEM 119.28 Hz Compressive load
ABRETY r o] M=Aak
Table 14 Natural frequencies of FEM model Tables 10, 11, 12+= Fig. 49 o] 2749 1549
=) 3] 2] = ok 2] o
Condition 2 disks + 3 bearings (el F7tsar s|dFe] odete] Hojgoz
Mode » AR Qe Ao hetel 13, 23, 3% R
number 8 RS 7h7h e
Tables 13, 14, 15+= Fig. 59} o] 2719] Had=
(H=)o] F7hel 3 =e] ekt T3 #ol W)
olgo] F7kH o] AAHL = Aol W 14 2
Mode - A, 37k mee] BEGYS 27t tehdic,
shape Fig. 72 % 7](compressor) HZe] HS-, =
wow YENFS Ve AY, PHAEH 243
groe] WS e dFaE P 24
ARl g9 grom UHuR®E 3x), P
= ey I el pasel WFANEF HaE %
ey, 54 pPakolA 557t 00] Hi=H, o]
2 9AE P, (critical load)ol2} a}r ojuw} ==
Table 15 Natural frequencies of FEM model Fabo] uLAET}
Condition 2 disks + 3 bearings
Mode
number 3rd 4. 4 E
& o] dAellA FHdFH el FF B A7I7F 49
; = Rsket, 3]HF Aol oY o] HTHFo] F-
. 7FH AL, BAE oo AelA o] Jhe] HolY
Mod Z=HI5 =% L
shape o AR gon, FUFor YHAFL WE
B3k HA%A0 st Awads AL
DEF HRAR B oS V2 PREDY g
& aeqr. sd%Fe] AvadddA, Ay
oA, wolgel aauAsh 2 A5, Hohae
FEM 2682 He o) £FANIAT AR
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K, = /OL ’kQGA(z)ui“j”_’_m(Z)'Qzuiuj ]dz
7+2 — — Pu;'u
+[k,<z>uu+m—k20A sl

T

L
[(22:/ KGA(» )UU”+m(Z)f221}i1}j dz
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