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ABSTRACT

In this study, the effect of cracking on the natural frequencies of width-tapered beams based on
the Bernoulli-Euler beam theory was analyzed. The tapered beam model considered had a linearly re-
ducing width along its length. The effect of cracking was modelled by a rotational spring, and the
Frobenius method was used to solve the differential equation of motion. The transfer matrix method
was utilized to determine the natural frequencies of these beams. The accuracy of the method was
demonstrated through a comparison between the predicted results and those observed in previous
studies. In addition, a detailed study was performed to analyze the variation in the natural frequen-
cies of the width-tapered beams with respect to the variation of the crack location. Applying the re-
sults discussed in the previous studies, the effect of cracking on the natural frequencies of the three

types of tapered beams was compared.
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Fig. 1 Geometry of a width-tapered beam with cracking

7 gdst S 7= 1Y golel Folth [
weol Zeo| e "ol wojH h(zx)E dol $
oA gol ulo] o) FAaw dHe a
g zZlojolt), o] AFtellA, M P A
o] FgE FAE AL JHEFH(open edge crack)

o] Hlolm| wel i n A 3 (e
I} FRARAE)E A (1)~ @)% 2o

(Elz)w”)” +m(z)w=0 Q)

V=(Elz)w") 2

M=—El(z)w" 3)
A7, Vi A, w2 w3 EEo| 1 El(x) 9}
m(z) = Heo|Hu o] ejEste] Wstal= w3l 2
w9l Zdolw Aolv] that gol 7ol upe} wat
et

x

m(x) —mo(lfc%) ©)
71, EL9 myE oY @S 7 E B 240
o §9 A% w9l Aol g Aol

7 Fu o 28 1S drhn e,
w(z,t) = W(x)coswt (6)

A (O)& A (el st weE Fejshd A
A wEHAEAL A (7)) o] "k
A=0OW"” —2W" —a*(1—¢ W=0 (7

A7NA, ¢(=cx, x=a/LO]3 o :m(]w2L4/E'1?)c4°]‘:}.

7]A, a; ., Frobenius AlF-°]t}.
Al 2 @®)9 mEdeHE gesta gl

Trans. Korean Soc. Noise Vib. Eng., 31(5) : 504~510, 2021 | 505



Jung Woo Lee ; Bending Vibration Analysis of Width-tapered Beams with a Crack

t5-3 Zo] AA A 2 (indicial equation)s V&

k(k—1)(k—2)(k—3)a, =0 ©

_ ktit2
5" (kti+4) Qyy

&l

T kit D(ktit2)(ktits)(ktitd) it
=
T i DG it ) itk rird) b
(10)

Z18]3 Frobenius A4 a, —a; = H3pEAH R
FE A (11)~(15)9 2o] AA4s & )

a =1 (11
_(k—1)

ay (k+1) a, (12)
ok

a3 - WQQ (13)
~(k+1)

a4 ma@’ (14)
(k) W

ST ) M kD) R+2) k+3)(k+4) 4

(15)

wepA, 4 (9 243
el ghol A= T A%
4 (16)% 2ol A,

G R)= A f(GO)+ A, (G 1)+ A f(G2)+ A /(G3) - (16)
AZIM, f(GR)= A (177 2ol Aol 5= vk

ﬂﬂm ot

FGR)=Da;,, ¢ (7

506 | Trans. Korean Soc. Noise Vib. Eng., 31(5) : 504~510, 2021

b=
A A (GO)+ Ay f (G + Ay f'(G2)+ Ay f' (G4) }
(18)
A @ A )l A ®)e Hdshd 7 e g
21(19), 2 (20)2 #Zo] tAl & 5= Sl

V=NA1=0r" (¢ i— D)= (G i—D}4, (19)

M= ]VQ(l _C)f” (gaj_ 1)Aj 20)
o714, N, =— EIL¢/ L%, N,= El*/L* otk
wo| A Aololl gk A=A EHdA ] A

07} =15 2] (16), (18) ~ (20)°l th$]3}ed
Atk

04 ol
tlo rlo
o 73, |

Aol e e {2 = (W e, M, V1L

{2y, =|C,{Ah{4}={A4,,4,, A, A}" (1)
Ao ek {2 = (W, M, VL
(2, = [H,]14} 22)

o714, 91 HA 1= AA P Ho|t}.
e 2 2D A (22)9] FAZFE 2 (23)2
2ol 84 AFYPLS IS 4 Utk

#he] G dazyorw FHASL 5= gla 2
olF wat Wslshe Wyl e JEs aHste
grolxe] Agdd wAL A 4sh 2ol 4ol
g

10 0 0
01—K,0
s = 1B 12 K=, 170l @
00 0 1
A7NAM, K, =1/K,0l1 K= 4 (25)9 2t
Er(1—
oo P10 o

67r(1—v2)h0f(s)
9 s=a/holM f(s)= A 26)F 2t
F(5)=0.6272s> —1.045335> +4.59485"

—9.97365° 4+ 20.29485% — 33.035s7 (26)
+47.1063s% — 40.75565° +19.65°



Jung Woo Lee ; Bending Vibration Analysis of Width-tapered Beams with a Crack

T2k Aol z=09F z=1Atolel 17]9] Qo] &
Aot 7hgshd wde] gFe] aud HAA A=
AL A (23)7} A 24)F olg3lo] ALFH] duhkA
Rl 23l ojste] 4 27)3 Zo] FAT = vk

)

VA [T; ] 2,

[]17*7]: [];7]2[[(17] [:T?]h (27)
A7IA, [ 1], & a=0FH #7771 9] 80093
4, (7], ¢eFFH a=17449 2axddd
ott.

A RNERE dd9 dFo] ugd B Tx=9
1fETE 24 e @AY Ay 1%-
A 27kl A H Ak A (28)3 o] AT
ollA WelEo] 00] ¥,

W, =0 (28)
U A (29)9F 2ol Al A glo] 00wk

M, V=0 (29)

Ayl wphHo] AFTE 75| Qlste] FaolA
E2E 2495 v 590 Table 19] AZS 93}

o] AHEE AR BAA7F AANHAE. e=0 o o) 2
A B 2ol aeElen 1] 744 T
T

A el AeEs)

ol Ao & = 6070

ol9} #Azte] ¥ol# M7} ¢=0.1,03,05%
s=05% aLzlste] ALFEel #ek FLe] FIF
S B, 53] c=05% W s=0.1,035 F7}
2 BAgeRA U3 Hold HE 7= B TE
£ AfFEF g Fhe] Ar]el e TS
Hlaskgit x=19] Aol M= oW HHo] EA)st
tete 1fEse] 9 74 @7 il 72
o] A= z=05H 2=0974 0.19 246lA

Table 1 Material properties of the beam element

Notation Description Value
E Elastic modulus 200 GPa
p Density of beam material 7850 kg/m®
L Length of beam 0.8 m
by Width of cross-section 0.03m
hy Height of cross-section 0.0l m
v Poisson's ratio 0.3

Table 2 First three natural frequencies of a beam with a
single edge crack: ¢=0 and s=0.5

Natural frequency [Hz]
locatons | mo | presemt | Lee and Lec”
TMM FEA
1 12.25 12.24 12.28
z=0.2 2 79.82 79.81 79.91
3 221.00 220.99 221.17
1 12.69 12.69 12.71
z=0.6 2 77.06 77.05 77.24
3 219.17 219.16 219.35
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Table 3 First three natural frequencies of cracked beams: ¢=0.1,0.3,0.5 and s=0.1,0.3,0.5

Natural frequency [Hz]
G s Wiz Cracked beam
no. Intact — — = — — — — _ = —
z =0 x=0.1 z=0.2 =03 =04 x=0.5 x=0.6 z=0.7 x=0.8 =09
1 13.157 12.236 12.450 | 12.641 12.805 12.938 13.036 13.101 13.137 13.152 13.157
0.1 0.5 2 80.638 | 75.560 | 79.093 | 80.602 | 80.056 | 78.594 | 77.630 | 77.811 78.898 | 80.054 | 80.582
3 22433 | 211.51 223.50 | 221.80 | 217.43 | 220.68 | 224.33 | 219.97 | 215.19 | 217.98 | 223.39
1 14.190 13.222 13.437 13.633 13.805 13.946 14.053 14.126 14.167 14.185 14.189
0.3 0.5 2 82.565 | 77.389 | 80.929 | 82.515 | 82.018 | 80.529 | 79.506 | 79.654 | 80.757 | 81.953 | 82.507
3 226.24 | 21329 | 225.34 | 223.78 | 219.26 | 22244 | 226.24 | 22195 | 217.07 | 222.44 | 225.29
1 15.636 15.601 15.609 | 15.616 15.622 15.627 15.631 15.634 | 15.635 15.636 15.636
0.1 2 85.222 | 85.024 | 85.162 | 85.220 | 85.205 | 85.156 | 85.120 | 85.125 | 85.163 | 85.203 | 85.220
3 229.00 | 228.46 | 228.97 | 22892 | 228.76 | 228.87 | 229.00 | 228.86 | 228.69 | 228.80 | 228.97
1 15.636 15.326 15.427 15.458 15.513 15.558 15.592 15.615 15.628 15.634 15.636
0.5 0.3 2 85.222 | 83.507 | 85.034 | 85.202 | 85.072 | 84.625 | 84.303 | 84.349 | 84.688 | 85.043 | 85.205
3 229.00 | 224.47 | 228.96 | 228.30 | 226.88 | 227.82 | 229.00 | 227.73 | 226.25 | 227.16 | 228.74
1 15.636 14.595 14.816 15.022 15.206 | 15.361 15.480 15.562 15.609 15.630 15.636
0.5 2 85.222 | 79.906 | 83.483 | 85.155 | 84.702 | 83.172 | 82.083 | 82.202 | 83.331 84.578 | 85.160
3 229.00 | 21590 | 228.03 | 226.60 | 221.92 | 225.04 | 229.00 | 224.76 | 219.78 | 222.49 | 228.03
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Fig.2 Frequency ratio of the first three natural fre-
quencies of width-tapered beams with respect
to the variation of the crack location: ¢=0.1
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Fig. 4 Frequency ratio of the first three natural frequencies
of width-tapered beams with respect to the variation
of the crack location: ¢=0.5
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(b) Duble tapered beam(type B)

Fig. 5 Geometry of single and double tapered beams

with cracking
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Fig. 6 Comparisons between the three type of beams
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