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ABSTRACT

This paper presents a simplified frequency equation that predicts the modal frequencies of a
curved beam. In particular, the simplified frequency equation is derived for a frequency range within
which one pair of propagating wave motions and two pairs of evanescent wave motions exist on the
curved beam. All incident evanescent wave motions are assumed to be negligible at both ends of the
beam. The phase-closure principle is applied to a curved beam with varying support conditions. First,
the wave reflection coefficients for the curved beam are calculated, after which the phases of the re-
flection coefficients are applied using the phase-closure principle to derive the frequency equation.
Then, the Newton-Raphson method is employed to compute the modal frequencies from the fre-
quency equation. The proposed frequency equation is validated with numerical results for varying

support conditions and span angles.
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1. Introduction

Vibration of curved beams has been the subject
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Various methods are applied to study the dynam-
ics of curved beam structures. The Rayleigh-Ritz
method was used to formulate a frequency equation
to derive the lowest natural frequencies of circular
with  varying )

arcs conditions”.
Chidamparam and Leissa utilized the Galerkin

boundary
method to obtain exact natural frequencies for ex-
tensional and inextensional loaded circular arches®.
The transfer matrix method was employed to inves-
tigate in-plane and out-of-plane frequencies of plane
curved beams while accounting for shear deforma-
tion, rotatory inertia and extension of neutral axis.
Issa et al."® applied the dynamics stiffness method
to the effects of shear deformation and rotatory in-
ertia on extensional free vibrations to determine
natural frequencies of continuous curved beams.
The widely used method, the finite element method
(FEM), was employed to study the static and free vi-
bration of linear beam elements for curved beams “'".
Most of the mentioned methods become extremely

burdensome when large number of spans
(12)

are
used" . The FEM is also computationally expensive
when a refined mesh is required for predicting the
high-frequency modal frequency which is sensitive
to an incipient crack on the beam?.

The wave approach is another method employed
to analyze curved beams. It is a concise and sys-
tematic approach used to analyze structures since it
easily allows efficient variation of the geometry and
size of complex structures. Studies have applied the
wave approach to predict the modal frequencies of

curved beams!*19.

Natural frequencies of curved
beams can be obtained while using a common wave
technique of formulating propagation, reflection and
transmission characteristics of waves.

This wave technique is based on a principle known

as the phase-closure principle!”

. The phase-closure
principle is also called the wave-train closure princi-
ple". The phase-closure principle is one where nat-
ural frequencies occur when the total phase change
of a complete circuit of a wave propagating around

a system is an integer multiple of 2x.

Mead"” applied the phase-closure principle to
formulate an exact frequency equation for a single
span fixed beam while using propagating and evan-
escent waves. Tang et al."” used a simplified fre-
quency equation to calculate the natural frequencies
of a uniform rod and beam with nonlinear stiffness
boundaries. The phase of the reflection coefficients
at each boundary were applied with the phase-clo-
sure principle to obtain the natural frequencies of
the system.

This study aims to formulate a simplified fre-
quency equation for a curved beam using the
phase-closure principle to predict high-frequency
modal frequencies. In particular, the simplified fre-
quency equation is derived for a frequency range
within which one pair of propagating wave motions
and two pairs of evanescent wave motions exist on
the curved beam.

The reflection coefficients at varying support
conditions are calculated. The phases are obtained
from the reflection coefficients. Then, the phases of
the
phase-closure principle to determine the modal fre-

each support condition are applied with
quencies of a single span curved beam. The modal
frequencies for the beam calculated from the pro-
posed frequency equation are then presented and
compared with those from the matrix determinant
method. The advantages of the proposed method are

discussed as well.
2. Spectral Solutions of a Curved Beam

The governing equations of motion are considered
from Fig.1 where NV, V and M are axial force,
shear force and bending moment, respectively®”.
Note that effects of rotary inertia, shear deforma-
tions and damping are neglected.

The normalized equations of motion in Eq. (1)
are modified from non-dimensional variables and

parameters given as

9° ow ou %w
2— _—— | — —_— = 2—
(u 20 ) (w+ ) k -

o’ (2
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where «, w and ¢ are the non-dimensional tangen-
tial, radial displacements and time variable

respectively. R is the constant radius of curvature

for the given range of angle 6, 7, is the character-

Fig. 1 Differential element of a curved beam and istic time, o is the mass density, A is the cross-sec-

sign conventions tional area, £ is Young’s modulus, 7 is second
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Fig. 2 Dispersion curves of a curved beam for extentioned case (k=0.0289) and for inextensional case (k=0),
the dispersion curves of straight beam and rod are presented as well for comparison purposes
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moment of inertia. Furthermore, curvature parame-

ter & is defined as the ratio of the radius of gyra-
tion of the cross-section (VZ/A) to the radius of

curvature K.

Time harmonic solutions were assumed to solve

the governing equations which are provided as

w(f,t)= C, e~

M(a’t>: C‘uei(yﬁfwt)

(2a)

(2b)

where 7y and @ are non-dimensional wavenumber

normalized by 1/ and non-dimensional frequency

normalized by 1/7;, respectively.

The dispersion equation of the wave number ¥

obtained from the determinant of matrix of harmon-

ic solutions is provided as

*(2+k2w2)7 +
(1—(1+#?

@17+ (Ko —1)* =0

©)

Figure 2 illustrates the dispersion curves obtained

by solving Eq. (3) for both extentional and inexten-

. 2
sional curved beams?”.

Four distinct wave mo-

tions which are depicted as from Case I to IV can

be observed in Fig.2. Among these four cases of

wave motions, this study focuses on Case III in

which one pair of propagating wave motions and

two pairs of evanescent wave motions exist for

both extensional and inextensional curved beams.

The spectral solution for Case III can be expressed

as follows:
w(6,t)=
Cu+1 1716+ CLTZ e + C‘erS
+ e Cpe™

—iy50

—iwt

4

— iy
+ Cqe

“

where 7, is a positive real root while 7, and 7, are

two negative roots obtained from Eq. (3).

The phase-closure principle is easily applied with

Case III of wave motion since one pair of propagat-

ing wave motions is used to predict the natural fre-

quencies of structure. The range of frequency for
Case III wave motion is 4.164{w{w, =34.641.

3. Simplified Frequency Equation from the
Phase—closure Principle

3.1 Reflection coefficient
The spectral solutions of normalized radial and

tangential displacement are expressed as follows

w(0,6)= w(@)e (5a)
w(0,)=u(@)e ' (5b)
where
H0)= Gy "+ e Gl
— 17,0 — ir0 — iry0
Czol ' CwZe + C‘LUSe !
(5¢0)
u()=
—i7,0 —1i7,0 —i7,0
Chae "+ Cpae "+ Clyae (5d)
2715 — 7,0 i750
—Cnae’ —Cpae” —Cgase

The displacement and moment boundary con-

ditions at a hinged support (4 =0)are expressed as

Wl =0 (6a)
wl,_y=0 (6b)
ou 9w _ (60
A 5 - C
b |,

Substituting Egs. (5) into Egs. (6) results in:

wloq
- C‘L:r1+c‘L¢+2+CL4+73+CLul+C +C1;3 (7a)
=0
”|f):o
C;L+101+C;j2a,2+qj$a3 (7b)
—Cpnay = Cpay— Cyay =0
oi_o%
0 96
=8 C;1+B CLJFB CI;+,6’ o (7¢)

+182sz + BS w3
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where
a;=C/C, =(ir(1+7k’)/ ({1 +£*)= k")  and
B; =7 —ira; Egs.(7a)~(7c) are simplified as fol-

lows by assuming that all incident evanescent wave
+ + +
motions associated with C/,, C/, Clha, Claiare

egligible in w() and u(6).

W|0 0 Cul+c tCp TCu= (8a)
Me 0 Cwl —Cpnay = Cpay,— Cpay (8b)
=0
ou_ d'w
9 2
a0 90 0=  (80)
Blcu1+8 wl+'8 Qoz+5 de
=0
Adding @, xXEq. (8a) to Eq. (8b) results in
(“1""1'2)@;1 ( )Cm"'( s) w3 —009)
Adding — 8, xEq. (8a) to Eq. (8c) produces
(5 -8 )CZZ (5 732)@217@2733)(/‘;3:0
(10)
Adding (B8,—B,)xEq.(9) to (a,—a;)xEq.(10)
yields
(52*53>(‘71+‘1’2)C;1
7(327/39(0‘17‘72)6;;1
+ (11)
+(a’2_0/3>(31_32>cw1
+<a’2_f13)(31_32)cz;1 =0

Using Eq. (11), reflection coefficient » from in-

cident propagating wave motion C.; to reflected

wl

propagating wave motion C,; can be expressed as
follows

Cin
{(/32 B )(a'l +”2>+(”2_“3>(51_52>}

+
Cu,'l

{(/32 By) (@ —ay)— (@, —a;3)(B,—8B.))
= rhinged Cu,l
(12)
(B;—8;) in Eq.(12) can be written as
El'fﬂj =—irq; Tivg; :71.(71‘%‘77}]]') (13)
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where ¢; =a; +iy;.
Substituting Eq. (13) into Eq. (12) results in

7 hinged
_ (a/1+a/2)(7/2(12—73q3)+(0/2 ‘13)(7’1(11_72‘12)
(a17a2)<72q2*73q3)*(a/2 ‘?3)(7’191772‘12)
(14)

The same procedure of obtaining the reflection
coefficient is applied for fixed and free support
conditions as respectively (elaborated in appendix A),

.= (0‘1 +a/2)(q (13)+ (‘1’2 0’3)([11 (12) (15)
fixed (¢ —a5)(a,—as)— (@2~ as) (a0 — @)
Vfree —
(pﬂ’qu +p271‘]1) <p2q3 7p3q2)
- (p27’3q?> 7?372612) (fh% 7?241) (16)

a <p17’2q2 7?271611) (qus 7p3q2>
- (9273613 *P37’292) (quz *qul)

where p;, =a; +(i/7;).

3.2 Frequency equation
The phase-closure formula is applied to the
curved beam shown in Fig. 3. The equations are de-

rived as follows.

JdIr'— ¢, —¢p=2cm (17)

where dI, ¢, and ¢, are the phase shift of the
propagating wave along the infinitesimal segment of

the curved beam, the phase shifts due to wave re-

T'RO,
RO,

Fig.3 Curved beam to illustrate the principle of
phase closure
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flections at the right and left end of the beam re-
spectively while ¢ is an arbitrary integer. Assuming
a constant curvature along the whole length of the

curved beam, Eq. (17) can be written as:

2I'RO,—p; —pp=2crm (18)

where 0, is the span angle of the curved beam,
respectively. Substituting I'=y/R into Eq. (18) re-

sults in:

270, — (¢, +bp)=2¢cn (19)

Note that the ¢; and ¢, are determined by the
phase of a reflection coefficient which is expressed
in Egs. (14) ~(16) depending on the support types
of the curved beam.

3.3. Numerical solutions of the frequency
equation using Newton—Raphson (N-R)
method

The numerical solutions of Eq. (19) are obtained

using the Newton-Raphson method because the fre-
quency equation is nonlinear with respect to non-di-
mensional angular frequency . The frequency
equation Eq. (19) is rewritten as:

y=270,— (¢, +dgp)—2cTt=0 (19)

The modal angular frequency o satisfying Eq.
(20) is solved iteratively by linearizing Eq. (20)
with respect to w:

dy

Vit :y]-—i-—ajzlw:O

7 1)

where ; denotes the number of the N-R iteration
v, and dy/dw|

respectively. The solution increment dw is ex-

while y; and dy,/dw represent y|

w=wp

pressed as follows by using Eq. (21).

Yi
4y,
dw

Ao =—

(22)

The modal frequency is updated by adding the

solution increment from Eq. (22):

w1 =t dw (23)

The N-R iteration is repeated by using Egs. (21)
~(23) until the following termination criterion is

satisfied:

@j+1 "%

<e (24)

@jyq

where € is termination tolerance (e.g. € =10"")
The first order derivative y with respect to @ is
expressed as:

dy _ dy dn

do Tﬁ dw )

where 7, is a positive real root of the dispersion
equation of a curved beam for case III region ex-

pressed as:

7(13 - (2 Jr/eza)z)y/lL + {l - (l +k2)w2} 7?

26
+<k2w2*1>a)2 =0 (26)

dy,/dw in Eq.(25) is obtained by differentiating
Eq. (26) with respect to w:

dy, B 2k2w7‘1‘+2(1+k2>w7%*(4k2a)3*2a))
do 6y —4(2+ k%) +2{1—(1+£%) )7,
(27)

dy/dy, in Eq. (25) is expressed as follows by dif-
ferentiating Eq. (20) with respect to 7;:

v =20,— (¢, +¢g) (28)

where ~ denotes the differential operator with re-
spect to 7;.

Assuming that both support conditions at the left
and right ends of the beam are identical, ¢, and ¢,
in Eq.(20) are expressed as follows using the re-
flection coefficient 7:

¢, =¢p=arg(r) (29)

where 7 is calculated by using Eqgs. (14)~(16)
depending on the types of the support conditions.
Decomposing » into a real part Re(r) and an
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imaginary part Im(»), Eq. (29) is rewritten as:

Im(7)
Re(r)

tang, =tang, = (30)

Differentiating Eq. (30) with respect to 7, results in

Im(7)'Re(r) —Im(r )Re(r)’

Irl?

¢ = (€1))

Note that Im(r)’ and Re(r)’in Eq.(31) can be
obtained through differentiating the reflection co-

efficient » with respect to 7.
r’=Re(r) +iIm(r)’ (32)

where Re(7)’ =Re(’) and Im(r)’ =Im(+’).

The first order derivative » is obtained through
differentiating Eqs. (14) ~(16) depending on the
type of the support condition. The detailed proce-

dure to derive 7 is provided in Appendix B.
4. Results and Discussions

The numerical solutions of the proposed fre-
quency described in Section 3 are validated for both
extensional and inextentional curved beams with
varying support conditions and span angles. Table 1
provides the non-dimensional natural frequencies of
a curved beam with span angles 90° and 180° for
three support conditions. The results in Table 1

Table 1 Non-dimensional natural frequencies of a curved beam in case III region (4.164<w < 34.641)

Extensional (¥ = 1/1200) Inextensional (%= 0)
Span angle BC" Mode
(degree) no.” Matrix Proposed Difference Matrix Proposed Difference
determinant method (%) determinant method (%)
1 13.71 13.11 4.380 13.76 13.27 3.566
H-H
2 27.49 30.97 12.65 32.40 33.21 2.494
1 - 5.798 - - 5.876 -
90 F-F 2 22.44 20.38 9.213 22.63 21.40 5.427
3 28.11 33.01 17.41 - - -
1 8.382 8.268 1.359 8.391 8.278 1.354
FR-FR
2 23.89 23.90 0.03048 23.93 23.93 0.02940
1 6.887 6.963 1.105 6.923 6.992 0.9907
2 13.90 13.82 0.6278 13.98 13.92 0.4307
H-H 3 22.37 22.58 0.9461 22.82 22.89 0.2911
4 33.40 32.24 3.474 33.93 33.87 0.1737
5 33.70 34.51 2.400 - - -
1 9.498 9.766 2.818 9.652 9.874 2.306
180 2 17.70 17.41 1.675 17.92 17.76 0.9128
F-F
3 25.64 26.51 3.367 27.52 27.69 0.6178
4 34.58 33.20 4.001 - - -
1 5.303 5.305 0.04609 5.309 5.311 0.04436
2 11.10 11.10 0.00058 11.11 11.12 0.00093
FR-FR
3 18.99 18.99 0.00021 19.02 19.02 0.00033
4 2891 2891 0.00001 28.96 28.96 0.00006

" BC = boundary condition, H-H = hinged-hinged, F-F = fixed-fixed and FR-FR = free-free

™ Mode number is based on the natural frequencies obtained from the proposed method in the ascending order
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were compared with those obtained by the matrix
determinant method which is described in appendix C.

As shown in Table 1, the frequency equation of
this study reasonably predicted the natural frequen-
cies of the curved beam. The relative error between
predictions of the current study and the determinant
matrix method is considerably small. For the exten-
sional case, the error tends to fluctuate with in-
crease in the mode number as compared to the in-
extensional case. The error in the inextensional case
decreases as the mode number increases.

The respective comparison results for span angle
90° are provided in Fig.4. The circle and the
square represent the natural frequencies from the

matrix determinant method and the proposed meth-

od in Table 1, respectively. The red and blue lines
depict real and imaginary values of C{w) in Eq.
(C7) with respect to while the black line depict the
equation residual of ¥ in Eq. (20) with respect to w.

It should be noted that substituting the roots of
the proposed frequency equation in Eq. (20) into
Ow)results in Re(C(w))=0 and Im(C(w))=0 for
all cases. This implies that the proposed frequency
equation in which incident evanescent wave mo-
tions at both supports are neglected produces the
roots satisfying Re(C{w))=0 only. Therefore, the
discrepancy of the natural frequencies between the
proposed frequency equation and the matrix deter-
minant method depends on the distance between the
roots of Re(C(w))=0 with Im(C(w))+ 0 and those

10 ; i 10 10
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54 54
E 3 E
S = 2
7] % 7]
2 2 opxC--- 2
g £ g
] ® =
& £ &
5] 5 @
-5
-10-5 T T T T T -10- T T 7 T T -10- T T T T T
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
Normalized angular frequency Normalized angular frequency Normalized angular frequency
(a) Extensional
10 - - 10 10
hinged-hinged fixed-fixed free-free
54
= = =
3 3 =1
2 2 b=
2 Z 7
2 2 0 B 2
= =] n=1 n=2 =]
g R 2
g g g
z =3 >
23] o 23]
-5+
-10-4 T T y y T -10- T T y y T -10- T T T y y
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Normalized angular frequency

Normalized angular frequency
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Fig. 4 Comparison of the natural frequencies between matrix determinant method and the proposed method for
a curved beam with span angle 90° (circle: roots of C(w)in Eq. (C7), square: roots of in Eq. (20), red
line: Re(C(w)), blue line: Im(C(w)), black line: y in Eq. (20))
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of Re((®))=0 with Im(((@))=0.
sional curved beam, the discrepancy becomes sig-

For the exten-
nificant as approaches either the low cut-off fre-
quency (i.e. 4.164) dividing case II and III regions
or the high cut-off frequency (i.e. 34.641) dividing
case III and IV regions in Figs. 2(a) ~ (b) due the
appearance of incident evanescent wave motions.
For the inextensional curved beam, the discrepancy
becomes significant as approaches the low cut-off
frequency dividing case II and III regions because
there is no case IV region as shown in Figs. 2(c) ~
(d). The fictitious natural frequency (# =1) appears
for both extensional and inextensional fixed-fixed
curved beams due to the incident evanescent wave

motions near the low-cut off frequency. The rela-

tively large errors in the second and the third natu-
ral frequencies of the extensional hinged-hinged and
fixed-fixed curved beams can be attributed to the
incident evanescent wave motions near the high
cut-off frequency. Note that the errors in the natural
frequencies of the inextensional curved beams de-
of the support
This indicates that the incident evan-

crease as increases regardless
conditions.
escent wave motions vanish as the frequency in-
creases in case III region.

Figure 5 presents the respective comparison re-
sults for span angle 180°. The meanings of all sym-
bols and lines are identical to those used in Fig. 4.
As the span angle is doubled, the errors in the first

natural frequency significantly decreases compared

n=5

Equation residual
Equation residual

7 T y -10-

fixed-fixé

Equation residual

S 1o 15 20 25 30 I 0 15
Normalized angular frequency

Normalized angular frequency

20 25 30

Normalized angular frequency

(a) Extensional

hinged-hinged fixed-fixed
59 59
3 S S
H Z z
AN RS A (AR - 0SS S 2
= g A = =
S .8 2
s s 5]
= = =
o o o
3 55 5]
-5 -5
-104 7 : : ' : 104 ; ; ; . ; 104 ; ‘ ; . :
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Normalized angular frequency

Normalized angular frequency

Normalized angular frequency

(b) Inextensional

Fig. 5 Comparison of the natural frequencies between matrix determinant method and the proposed method for

a curved beam with span angle 180° (circle: roots of C(w)in Eq.(C7), square: roots of

in Eq. (20),

red line: Re(C(w)), blue line: Im(((w)), black line: y in Eq. (20))
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to those in Fig. 4 for both extensional and inexten-
sional curved beams regardless of the support
conditions. For higher natural frequencies near the
high cut-off frequency, the error decreases sig-
nificantly for the extensional curved beam com-
pared to those in Fig.4. In case of inextensional
curved beams, the proposed frequency equation pro-
duces practically identical results from the matrix
determinant method as increases.

The advantages of the proposed method over the
matrix determinant method can be described in two
aspects. First,  in the frequency equation [Eq. (20)]
is a monotonically increasing function with respect
to per mode number » which results in a single
root per each as shown in Fig.4 and Fig.5.
Second, ¥ in Eq.(20) is a concave function in the
vicinity of the root in most cases except that it ex-
ists near the high cut-off frequency. Therefore, the
N-R method produces the converged solution within
a few iterations as long as the initial guess is set
near the low cut-off frequency (e.g. 5).

C(w) in the frequency equation [Eq.(C7)] is a
transcendental function with respect to in which
multiple roots exist. In this case, the convergence of
the N-R method highly depends on the initial guess
which should be decided by

Therefore, searching for all roots in C(w) may be-

trial and error.

come a very laborious task.

This study has some limitations. Only propagat-
ing wave components were used and the incident
evanescent wave motions were neglected. Therefore,
the proposed frequency equation only provides ap-
proximate results for the natural frequencies. It also
should be noted that the proposed method is com-
plementary to the matrix determinant method be-
cause the proposed frequency equation can provide
the reliable initial guess when the N-R method is
adopted in the matrix determinant method.

5. Conclusions

This paper has proposed a simple closed-form

frequency equation to predict the modal frequencies
of a curved beam considering the phase-closure
principle. The frequency equation is derived for a
frequency range within which one pair of propagat-
ing wave motions and two pairs of evanescent wave
motions exist. The reflection coefficients at each
boundary were derived from which phases of re-
flection were obtained and applied to the phase-clo-
sure principle to determine the high-frequency mo-
dal frequencies of a curved beam.

The proposed frequency equation was validated
for both extensional and inextentional curved
beams with span angles 90° and 180° for three
support conditions. The numerical solutions calcu-
lated from the proposed equation were comparable
with those from the matrix determinant method.
The interesting point is that every solution from
the proposed frequency equation always makes on-
ly the real part of the frequency equation from the
matrix determinant method zero while the corre-
sponding imaginary part nonzero. Overall, the dis-
crepancy of the natural frequencies between the
proposed frequency equation and the matrix deter-
minant method is attributed to the incident evan-
escent wave motions near the low and high cut-off
frequencies of the case III region.

The relative error between the numerical sol-
utions of the proposed frequency equation and the
matrix determinant method decreased as the mode
number increased especially for inextensional
curved beams. Furthermore, the proposed frequency
equation produces the converged solution within a
few iterations as long as the initial guess is set near
the low cut-off frequency. The formulated fre-
quency equation is simple, easy and more straight
forward in obtaining approximate natural frequen-
cies of a curved beam.

The proposed method is complementary to the
matrix determinant method because the proposed
frequency equation can provide the reliable initial
guess when the N-R method is adopted in the ma-

trix determinant method.
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Appendix A
a) Fixed support condition

The displacement and rotational boundary con-
ditions at fixed support (¢ =0) are expressed as

wly_y =0 (Ala)
iy_y=0 (Alb)
ow -

w _ Al
0 Y - 0 (Alc)

Substituting Eqgs. (5) into Eq. (A1) results in:

wl,_o=Cht+chL+ch+c,

w2 w3 wl (A2a)
+C‘102+ 103:0
72'6:0 = C‘zjla/l +Cu+vza/2+cw+3a/37 w1 41
- CL;2a27CL;3a/3 =0
(A2b)
ow  ~
ﬁ_” :_Blczrl_ﬂzc;z_ﬂsczjs
0=0
+81Cn T8,C,18:C,,=0
(A2¢)

Equations. (A2a) ~ (A2c) are simplified as follows
due to the assumption that all incident evanescent
wave motions are negligible:

@?)lﬁ:o =CutCutCy TCz=0

wl

(A3a)

A e
M|0:0_Q01a1 Caay
—Ca,—C,;

w2 w3

A3b
a; =0 ( )

Jw -~ + _
==pB,C,; +8,C,
Bl wl 181 wl (A3C)

+8,C 8565 =0

Adding «, XxEq. (A3a) to Eq. (A3b) results in

(‘1’1 +a/2) C;l - (‘1’1 _a’z> Cat (‘1’2 _a’s> G =0
(A4)

Adding —p, x Eq.(A3a) to Eq. (A3c) produces

7(51 +52)C;1+<:81752>CJ1

A5
7(182*53)6»;3:0 (A9

Adding (8, —8,) x Eq. (A4) to (e,—a,) xEq.
(A5) produces the reflection coefficient 74 .4 in

Eq. (15) through some mathematical manipulation.

b) Free support condition
The displacement and rotational boundary con-

ditions at free support (6 =0)are expressed as

ou -

2w =0 (A6a)
a0 6=0

o%u  0%w _

e B =0 (A6b)
206> a0 |,_,

ou 9w o (A6
A - C
90 90 |,_,

Substituting Egs. (5) into Egs. (A6a) ~ (A6c) re-
sults in:

L
% o= (A7a)
. . . a
= Wﬂ"lcjl + ZyZPZC‘zZZ + 27’31)361:3
tirp1 Gy Tivepy Gy HivspsCs =0
*u 9w
a?  a6® |,
0=0 (A7b)

2 2t 2t 2 -
== 110G — 728 — 73850, T V10 Cn
+730,Cp T 7305C,05 = 0
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. d'w

a0 96* |,_,
:Blczjl"'ﬂzcjzz"'ﬂaczja
+B81Cn T8,C,t85C,;=0

(A7c)

Equations (A7a) ~ (A7c) are simplified as follows
due to the assumption that all incident evanescent

wave motions are negligible:

L
9 0=0 (A8a)
= i71p10;1 Hirp1 Gy T ivoDy G T17303C5
=0

9%u _ 93w
06°

00”
.2

= 7’151161:1
=0

0=0

2 2 2 (A8b)
710 Con T 730 Cn T 7385C05

0 a0° |,_,
=BG +B1C +B,C,+B:Cy
=0

(A8c)

Adding 73, xEq. (A8a) to —iy,p, XEq. (A8b) re-
sults in

.2 .2 +
(”’17’2171512 + Z7’27’1172%) Can
. 9 . 2 _
+ (”’1721)142 - Z7’27’11{72%) G
.2 .2 - _
- (”’2731)243 - Z7’37’21{73512) Ci=0

(A9)

Adding B, xEq. (A8a) to —iy,p, XEq. (A8c) pro-
duces

(i7’19152 72‘721)231) Cz:rl
+ (Wﬁhﬂz — 17308 1) Cu
- (i72p2/33 - i73p3£2) Ci=0

(A10)

Adding  (iry,Bs—ivspsBy) ¥Eq. (A9) 1o
(17572psts — i7472043,) XEq. (A10) produces the re-

flection coefficient 7, in Eq.(16) through some
mathematical manipulation.

Appendix B

The derivative of reflection coefficient with re-
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spect to 7, ( )can be expressed through the de-
rivatives of rational functions as follows:

_Uv-uv
y =Y V=ov

= (B1)

where U and V represent the numerator and the de-
nominator of » which vary depending on the type
of support condition as described in Egs. (14)~
(16). The derivatives of variables with respect to
7, needed to calculate Eq.(B1) are listed below:

a) Derivatives of 7, and 7, with respect to 7,

1{, 1
Yy=—1k wa/rlrg(—zl) B2a
7{ 757 (B2
, 1
V3= 2 B2b
b= (B2b)

where
z, = 73<k2a)a)/ — 71> — 72((2(4)(0/ — 4k2w3a)//27§7273)
—(7,75/71)) and @ can be obtained from Eq. (27).

b) Derivatives of «,, @, and «, with respect
to n,

o (1437 (A1 4 D) - )
“o (21 +#7) - %)
(27,(1+ 22— 20%00 i, (1+ /%7
[P(1+#-2)— k%)

(B3a)

i(7, +3757,0%) (1 +#°) — %’
(A1+2) - k%)
{2727;(1 + kQ)* 2k2ww/}z'72(1 + ygkz)
A1+ ) - k%)

@, =
(B3b)

a.
’ z(ys + 3737;/@2) {7%(1 + kz)*kaZ}
{73(1 + kz)—kzwz}z
(27,71 + B?) = 2k%00 }iy,(1+ 727
[73(1 +k2)*k2w2}2

(B3c¢)
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c) Derivatives of p,, p, and p, with respect

to 7,
, )
P =a— S (B4a)
71
by=ay—— (B4b)
72
, iy,
py=as—— (Bdc)
73

d) Derivatives of ¢,, ¢, and ¢, with respect

to »,
g =a, +i (BSa)
gy =ay+iy, (B5b)
0, =a,tiy, (B5¢)

Appendix C

Figure C1 shows a general curved beam structure
with boundaries L and R. The incident and reflected
wave vector at boundaries are denoted as
Wh W W, and W,

The relationships of the waves between the boun-

daries are given as
+_ _
W, =W, (Cla)

W =T,Wh (Clb)

g
L

R

Fig. C1 Reflection of waves through a curved beam

W, =twy (Clc)

whp=tw; (Cld)

Using Egs. (Cla) ~(C1d), the characteristic equa-

tion is obtained as follows

(rprgt—Dw; =0 (C2)

where I denoted the 3x3 identity matrix,
r,=rp=r and t are the reflection and trans-

mission matrices expressed as

Thinged
-1 -1 -1 !
= a, a, a,
*<7’1 —iay)y, — (7’2 7i02)72*(73*ia/3)73

1 1 1
ay a, aq
(71 —iay)7y (7o —1@y) 7y (75 —ias)7s

(©3)
T fixed
~1 -1 -1 ]!
= ay @, aq
—(iyytay) —(ivy+ta,) —(irs+as) (C4)
1 1 1
@ @2 a3

- <i71 +a/1) - <i72 +a/2) - (”’3 J”l’s)

Cfree

<i71a’1_1> (i72“2_1> (573‘1’3_1)
= *<a’1+i71>7%7(‘1’2+i7’2>7’§7<“3+i73>7§
—(ri—ia) = (v —iay) 7, — (r3—ia;)7,

-1

_(”’10'1_1) _<i72”2_1) _(i73“3_1)
_(‘1’1+i7’1>7’f_(“2+i72>7§_(“3+i73>7§
(7172.‘71)7’1 (72750/2)72 <7’37i0‘3)73

(Cs5)

e 00
t=] 0 o™ o (C6)
0 0 e*i'/:)ﬂ

with constant curvature

For non-trivial solution, the natural frequencies

are obtained from the characteristic equation ex-
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pressed as determinant.

Aw)=det[rtrt—1]=0

(€7)

Ll
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