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ABSTRACT

Expanding on previous studies on Timoshenko beams, further extended dimensionless frequency
curves, such as hinged-hinged beam, clamped-clamped beam, clamped-hinged beam, and clamped-free
beam, are presented to show that the natural frequencies vary as the inverse of slenderness ratio
changes and to investigate the second spectrum of a Timoshenko beam. To obtain the frequency
curves, we calculated the natural frequencies in two ways: by solving the frequency equation ex-
pressed by natural frequency, and by solving the differential equation employed by Han et al. The
latter method does not yield accurate or stable solutions for higher modes, whereas the former does.
Therefore, we calculated the higher natural frequencies using the former method and obtained the ex-
tended frequency curves as a function of the slenderness ratio. This paper reports findings through

careful observation of the extended frequency curves.
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Table 2

Natural modes of the beams: the relations
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Table 5 Natural frequencies (rad/s) of the hinged-hinged THEE p=1, 2, 4, 59 AFHS
beam for s~ '=0.1828 o &3}l n=3, 6, 9, 129] AFZ

. — ol etk
First spectrum Critical Second spectrum )

n |Features of| frequency, . Features of 9] w5 FAF o 3oldlry] ¢ Table 49

Y and © " “e " Y and O Table 594 A2ARAEHo] A5} UIAEHES
L] 2s |560027 Table 67} Table 791 =AI3SIth. Table 6914 #i=

28 njh ol AlzHEe] S3he wFAFFY AL

S B soEge] S wRNEDY 4Ee e 27t
3 21048.6 2(1)s
4| 43)s |213124
5 5(4)a | 28949.1 Table 7 Comparison of the normalized natural modes
6 34824.3 3(2)a between the first spectrum and the second
7 6(5)s |36511.8 spectrum of the hinged-hinged beam for s '
8 | 7(6)a |44032.3 =0.1828
9 49718.7 403)s First spectrum Second spectrum
10 87)s |51527.0
11| 9®a |59004.9
12 65150.6 5(4)a

Table 6 Comparison of the normalized natural modes

-
between the first spectrum and the second ’ I RN
spectrum of the hinged-hinged beam for s ' n=1, =3,
=0.1097 w3 =21048.6 (rad/s)

First spectrum Second spectrum o /g\
' < ] © o; ~
1 5/ / (E) y S 0,_)// /AV/_/
@ %) O, © 3 / 05
[~ 0] ) // B I>:o — / 2 . / \
I -0.5 / S/ s/
1 e e 0 02 04 06 25 02 04 08
e - (=] x x
% 025 05 b 02 04 06 08 1
. . n=2, n=6,
n=1, n=4, wy =13539.8 (rad/s) W =34824.3 (rad/s)

1 /8 /

n=3, n=10, n=5, n=12,
wg =19935.8 (rad/s) wyy =53215.8 (rad/s) ws =28949.1 (rad/s) Wiy =65150.6 (rad/s)

Trans. Korean Soc. Noise Vib. Eng., 32(5) : 502~516, 2022 |509



; Second Frequency Spectrum in a Timoshenko Beam Based on Analytic Modal Characteristics

Min Ho Seo et al.

021939 w9

HEH] 09 9
Table 791 = v}

Ea

o] 69} A2

Els

]

En
W
T
<]

]

ot Al

9

%9

Wi

A

o] nirjolt}. o]

Az e

O

SEE

A7 B

el &

t}. Fig. 49

s

o] 11 AIE Fig 40 =A

e

At 1

o]

L
fu

Hr

=

Nfo
b

)
Hr
o

e

5

14 e

.
o TR} o

o &4

W ofu

=]
-

Yol 47)¢]

2 48

= =]
= [e)

S STk T ool RAR s A
z

3+
=

:F.

Runge-Kutta method

s
pos

=1
T AF o

0.2193Y we] A& 1270¢]

—1
2 s7l=

Fig. 425 v

e,

9

Table 99 A

i
Ay
Ho ofo ©
T o
[ —
z%%
9 =T
st
ﬂ_uwk]l@
<] S
o b N
® A
%Tﬁ
. X
o E o
= g
ﬂolmM
)ZJ;
“ % 1
o=
— MK
[
E 0o ®
ﬁrﬂ%
o _
S5
oy go 3
T
SR
EEO
=2
EO,ULMA_H
<
T
H X o
—_
leﬁ_lﬂﬂ.x
o o
ETE@
T o
MME_-MO
mynﬂ
o ‘WE
T ®
DR o )|
o o

} A2~

0]
A

oA A2

o] BANZ

¢}

U

o

o

2 A2
Table 1094 H]xL

1+

AEH
11—
H

N~

vpe} o], A1 2 EHo]

L
fu

Az yea, s

o %

EE)
el

%

y = W Mo o B oo gy
m) 5 ol & womlrmM
y 2% o AF )
- AR
O 10 —_
= <z gEc el
" o Juti )
ol gy & HOE T B
1 R o g %w%%
70 It R
o TR TP
PSS
i R
- AR G
T nEnuiwey
o @ E b
o) J;Mwi%;ﬂﬂﬁ@ll
T Ry feT T
m _N_WL1A0#N_|EJ.:.L
™ _o»dMﬁomﬂ,WLS
. Bﬂo,ﬁlﬂ&%ﬂdlﬂ.ﬂo&
T oA < 2
o oo AR T T

23)s

2B)s

26)s

T
1B

EON
)

g
(3)s

oasss

s s a2

" Sda

e

! ' o

© ~ o~ o

1
/9]0 = Yo

< o~ o 0
— ~—

2

0025 005 0075 01 0125 015 0175 02 0225 025

0

1/s

A

Fig. 4 The dimensionless natural frequency curves for

<t} °]

the clamped-clamped beam

Trans. Korean Soc. Noise Vib. Eng., 32(5) : 502~516, 2022

510



Min Ho Seo et al.;

Second Frequency Spectrum in a Timoshenko Beam Based on Analytic Modal Characteristics

Table8 Natural frequencies w,(rad/s) of the clamped-
clamped beam for s~ '=0.0987

Table 10 Comparison of the normalized natural modes
between the first spectrum and the second
spectrum of the clamped-clamped beam for
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Table 11 Natural frequencies w,(rad/s) of the clamped-
hinged beam for s~ '=0.0987

First spectrum Critical Second spectrum
»n |Number of frequency, Number of
nodes in w, w, w, nodes_in
(Y, 09) (¥, 0)
1 2(2) 5078.72
2 33) | 120833
3 44) | 19680.5
23947.9
4 51) | 254265
5 27474.9 53)
6 6(2) 343342
7 35590.2 6(2)
8 7(3) 42841.4
9 8(3) 47423.7
10 50593.6 8(5)
11 9(4) 58052.7
12 61545.6 9(4)

Table 12 Natural frequencies w, (rad/s) of the clamped-
hinged beam for s '=0.2193

First spectrum .. Second spectrum
Critical
n | Number of frequency, Number of
nodes in w, w, w, nodes _in
(v.0) ) (¥, 0)
1 2(2) 6359.53
2 10776.5
3 3(1) 13259.7
14380.5 3(1)
4 4(2) 21557.6
5 5(2) 26556.7
6 29242.5 5(2)
7 6(3) 36678.3
8 7(3) 41460.3
9 44226.0 7(3)
10 8(6) 51657.7
11 9(4) 56856.9
12 59155.0 9(4)
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Table 13 Comparison of the normalized natural modes
between the first spectrum and the second
spectrum of the clamped-hinged beam for s '

=0.0987
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Table 14 Natural frequencies w,(rad/s) of the clamped-
free beam for s~ '=0.0987

First spectrum Critical Second spectrum
» |Number of frequency, Number of
nodes in w, w, w, nodes_in
(v, 0) (¥, 0)
1 11y | 157041
2 2(2) 6642.87
3 3(3) 14201.9
4(1) 211259
4 23947.9
5 26807.3 4(1)
6 5(2) 30121.2
7 35474.4 5(2)
8 6(3) 38907.2
9 73) 46155.3
10 47905.1 7(3)
11 8(3) 54592.8
12 9(4) 60114.9

Table 15 Natural frequencies w, (rad/s) of the clamped-
free beam for s~ '=0.2193

First spectrum Critical Second spectrum
n |Number of frequency, Number of
nodes in w, ‘Uz w, nodes in
(v, 0) (Y, 0)
1 1(1) 2643.47
2 2(1) 7825.72
10776.5
3 14351.2 2(1)
4 3(D) 17637.1
5 4(2) 25088.6
6 26777.9 4(2)
7 5(2) 33150.7
8 6(3) 39703.4
9 42150.3 6(3)
10| 74 |478744
11 8(4) | 55345.0
12 568922 8(4)
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Table 16 Comparison of the normalized natural modes
between the first spectrum and the second
spectrum of the clamped-free beam for s '

=0.0987
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