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ABSTRACT

The vibration characteristics of width-tapered Rayleigh beams with the clamped-free boundary con-

dition is investigated, and subsequently used to analyze the effect of rotary inertia and taper ratio on

the natural frequencies and mode shapes of the beams. The width of the cross-section is assumed to

linearly reduce along the length of the beam. The frequency determinant is obtained by using the

transfer matrix, and the differential equation is solved using the power series. The accuracy of the

method is demonstrated by comparing the results obtained in this study with those obtained in the

previous study. In addition, the effect of rotary inertia and taper ratio on the eigen-pairs of width-ta-

pered Rayleigh beams with respect to the variation of the total length is investigated.
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Fig. 1 Geometry of width-tapered beam
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Table 1 Material properties of the beam element

Notation Description Value
E Elastic modulus 200 GPa
p Density of beam material 7850 kg/m®
c Taper ratio 0~0.5
L Length of beam 0.1~1m
by Width of cross-section 0.03 m
hy Height of cross-section 0.01 m

Table2 First three natural frequencies of Rayleigh

tapered beams with the cantilever end
condition when ¢=0

L - Non-dimensional natural frequency

! Present Ref. [9] Diff. (%)

1 3.5103 3.5092 -0.0313

0.1m 2 21.745 21.743 -0.0092

3 59.803 59.802 -0.0017

1 3.5168 3.5158 -0.0284

0.5m 2 22.025 22.023 -0.0091

3 61.620 61.618 -0.0032

1 3.5170 3.5160 -0.0284

1.0m 2 22.034 22.032 -0.0091

3 61.679 61.678 -0.0016
o) M c=0014 c=0.574 Wl Sk of7]
A, BHBge] dFs HES] flste] dddde] B
Ol 2L ALga] AN THAER(w, nE 2A2-
H| 2-0] o] & ARgato] ANt A ETH (w, )=
Uro] e W Uehygic. Avksh o] Aol
sol me 54wy GFe AR 47 1i3
ol tste] ¢=02 Wt c=0.1~059 wof
o] fAFBGITE Aole] Wste] e shtel el
c=0.5% 9 52k AFAETE L=0.1mollA °F 83 %,

L=0.5mo14 0.38%, L=1molA 0.095 %= 1.2
Zol7} goldrE AL of tigk 3]xd¥ge]
F F7hersiTh

Fig. 3 gldeo] ®olA ¢=0.1~0.59 1:/2F
TFE =09 AFNEFE o] Fag HlE L
o] Holw nle] Qaks AEISIT) Fig. 3¢l e}
o A3t o] Holw Hlo] Gkl ol BE {3l

o
™,
of
&



Min Gyu Park et al.; Vibration Analysis of Width-tapered Cantilevered Rayleigh Beams

Table 3 First five natural frequency of width-tapered Euler-bernoulli beams with the cantilever boundary condition

Natural frequency [Hz]
¢ e L=01 | L=02 | L=03 | L=04 | L=05 | L=0.6 | L=0.7 | L=0.8 | L=0.9 L=1

1 815.63 | 203.91 90.626 | 50.977 | 32.625 | 22.656 16.646 12.744 10.070 | 8.1563

2 5110.4 1277.6 | 567.82 | 319.40 | 204.42 141.96 10429 | 79.850 | 63.091 51.104

0 3 14308 3577.1 1589.8 | 89427 | 57233 | 397.45 | 292.01 223.57 176.65 143.08
4 28038 7009.5 | 3115.4 1752.4 1121.5 | 778.84 | 57221 438.10 | 346.15 | 280.38

5 46349 11587 5149.9 | 2896.8 1854.0 1287.5 | 945.89 | 72420 | 57221 463.49

1 842.05 | 210.51 93.561 52.628 | 33.682 | 23.390 17.185 13.157 10.396 | 8.4205

2 5160.8 12902 | 573.42 | 32255 | 206.43 143.36 10532 | 80.638 | 63.714 | 51.608

0.1 3 14357 3589.3 15952 | 897.32 | 57429 | 398.81 293.00 | 224.33 177.25 143.57
4 28087 7021.8 | 3120.8 1755.4 11235 | 780.20 | 573.21 438.86 | 346.76 | 280.87

5 46398 11599 51553 | 2899.9 1855.9 1288.8 | 946.89 | 72497 | 572.81 | 463.98

1 872.62 | 218.16 | 96.958 | 54.539 | 34.905 | 24.240 17.809 13.635 10.773 8.7262

2 5218.3 1304.6 | 579.81 326.14 | 208.73 144.95 106.50 | 81.536 | 64.423 | 52.183

0.2 3 14413 3603.4 1601.5 | 900.84 | 576.54 | 40037 | 294.15 | 22521 177.94 144.13
4 28144 7036.0 | 3127.1 1759.0 1125.8 | 781.78 | 57437 | 439.75 | 347.46 | 281.44

5 46455 11614 5161.6 | 2903.4 1858.2 1290.4 | 948.06 | 725.86 | 573.52 | 464.55

1 908.15 | 227.04 100.91 56.759 | 36.326 | 25.226 18.534 14.190 11.212 | 9.0815

2 5284.2 1321.0 | 587.13 | 330.26 | 211.37 146.78 107.84 | 82.565 | 65237 | 52.842

0.3 3 14479 3619.8 1608.8 | 904.95 | 579.17 | 402.20 | 29549 | 226.24 178.76 144.79
4 28211 7052.7 | 3134.5 1763.2 1128.4 | 783.63 | 575.73 | 440.79 | 34828 | 282.11

5 46522 11631 5169.1 2907.6 1860.9 12923 | 94943 | 72691 574.35 | 465.22

1 950.11 | 237.53 105.57 | 59.382 | 38.004 | 26.392 19.390 14.845 11.730 | 9.5011

2 5361.3 13403 | 59570 | 335.08 | 21445 148.93 109.41 83.771 66.189 | 53.613

0.4 3 14558 3639.5 1617.6 | 909.88 | 58232 | 404.39 | 297.10 | 227.47 179.73 145.58
4 28292 7072.9 | 31435 1768.2 1131.7 | 785.88 | 577.38 | 442.06 | 349.28 | 282.92

5 46604 11651 5178.2 | 2912.8 1864.2 1294.6 | 951.11 728.19 | 575.36 | 466.04

1 1000.7 | 250.18 111.19 | 62.544 | 40.028 | 27.797 | 20.423 15.636 12.354 10.007

2 5454.2 1363.6 | 606.03 | 340.89 | 218.17 151.51 111.31 85.222 | 67.336 | 54.542

0.5 3 14656 3664.0 1628.5 | 916.01 586.25 | 407.12 | 299.11 229.00 180.94 146.56
4 28394 7098.5 | 3154.9 1774.6 1135.8 | 788.72 | 579.47 | 443.65 | 350.54 | 283.94

5 46709 11677 5189.9 | 29193 1868.4 1297.5 | 953.24 | 729.83 | 576.65 | 467.09
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Table 4 First five natural frequency of width-tapered Rayleigh beams with the cantilever boundary condition

Natural frequency [Hz]
¢ R L=01 | L=02 | L=03 | L=04 | L=05 | L=0.6 | L=0.7 | L=0.8 | L=0.9 L=1

1 814.06 | 203.81 90.606 | 50.971 32.623 | 22.655 16.645 12.744 10.069 | 8.1562

2 5042.7 12733 | 566.97 | 319.13 | 20431 141.90 104.26 | 79.833 | 63.081 51.097

0 3 13869 3548.6 1584.2 | 892.48 | 571.60 | 397.10 | 291.82 | 223.46 176.58 143.04
4 26505 6907.5 | 3094.9 1745.9 11189 | 777.55 | 571.51 437.69 | 34590 | 280.22

5 42489 11321 5096.3 | 2879.7 1846.9 1284.1 944.07 | 723.13 | 571.54 | 463.05

1 840.39 | 210.41 93.541 52.622 | 33.679 | 23.389 17.184 13.157 10.395 8.4204

2 5092.5 12859 | 572.57 | 32228 | 206.32 143.30 10529 | 80.621 63.703 | 51.601

0.1 3 13916 3560.7 1589.6 | 895.52 | 573.55 | 398.45 | 292.81 224.22 177.18 143.53
4 26551 6919.5 | 3100.4 1749.0 1120.8 | 77891 572.51 438.45 | 346.50 | 280.70

5 42534 11333 5101.7 | 2882.8 1848.9 12854 | 945.06 | 723.89 | 572.14 | 463.54

1 870.86 | 218.05 | 96.936 | 54.532 | 34.902 | 24.238 17.808 13.634 10.773 8.7261

2 5149.3 1300.2 | 578.94 | 325.87 | 208.62 144.90 106.47 | 81.518 | 64.412 | 52.176

0.2 3 13971 3574.7 15958 | 899.03 | 575.80 | 400.02 | 293.96 | 225.10 177.87 144.09
4 26605 6933.5 | 3106.6 1752.5 1123.1 780.49 | 573.67 | 439.34 | 34720 | 281.27

5 42586 11347 5108.0 | 2886.3 1851.2 1287.0 | 946.22 | 72478 | 572.84 | 464.11

1 906.26 | 226.92 100.88 | 56.752 | 36.323 | 25.225 18.533 14.189 11.211 9.0813

2 5214.4 1316.6 | 586.25 | 329.98 | 211.25 146.73 107.81 82.548 | 65.226 | 52.835

0.3 3 14034 3591.0 1603.1 903.14 | 578.42 | 401.84 | 29530 | 226.12 178.68 144.75
4 26668 6950.0 | 3114.0 1756.6 11258 | 78234 | 575.03 | 440.38 | 348.02 | 281.94

5 42647 11364 51154 | 2890.5 1853.9 1288.9 | 947.59 | 72583 | 573.67 | 464.78

1 948.06 | 237.40 105.54 | 59.374 | 38.001 26.390 19.389 14.845 11.729 | 9.5009

2 5290.7 13359 | 594.82 | 33480 | 21434 148.87 109.38 | 83.753 | 66.178 | 53.606

0.4 3 14111 3610.6 1611.8 | 908.06 | 581.58 | 404.03 | 29691 227.36 179.66 145.53
4 26744 6970.0 | 31229 1761.7 1129.0 | 784.58 | 576.68 | 441.65 | 349.02 | 282.75

5 42723 11384 51244 | 2895.6 1857.1 1291.2 | 949.27 | 727.11 574.69 | 465.60

1 998.47 | 250.04 111.16 | 62.536 | 40.025 | 27.796 | 20.422 15.636 12.354 10.007

2 5382.4 1359.0 | 605.12 | 340.60 | 218.05 151.45 111.28 | 85204 | 67.325 | 54.535

0.5 3 14206 3634.9 1622.7 | 914.17 | 585.49 | 406.75 | 29891 228.89 180.87 146.51
4 26841 6995.2 | 3134.2 1768.1 1133.1 787.42 | 578.76 | 44324 | 350.28 | 283.77

5 42819 11409 51359 | 2902.1 1861.3 1294.1 951.40 | 728.74 | 57598 | 466.64
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